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Abstract
In this paper we approach the question of the existence of a x, p
phase space in a new way. Rather than abandoning all hope of constructing such a phase-space for quantum phenomena, we take aspects from both the Wigner-Moyal and Bohm approaches and show
that although there is no unique phase space we can form ‘shadow’
phase spaces. We then argue that this is a consequence of the noncommutative geometry defined by the operator algebra.
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Introduction

Although Schrödinger’s [1] original ‘derivation’ of his equation originates
from a modification of the classical Hamilton-Jacobi equation, the relation
between the standard formalism of quantum mechanics and classical mechanics has always been problematical and not without controversy. The
success of the Hilbert space formalism and the interpretation of the wave
function as a probability amplitude has had such predictive success that
∗
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attempts to find a phase space description of quantum phenomenon have
generally been regarded as futile.
In spite of this, physicists often turn to the Wigner-Moyal approach,
treating it as a ‘semi-classical’ approach. Yet when Moyal’s origin paper [2]
is examined carefully [3] one finds there is nothing semi-classical about it.
It turns out that what is called a ‘quasi-distribution function’ is in fact the
density matrix expressed in terms of an x − p variables. We will show that
the x and p here are the mean values of a cell constructed in classical phase
space, whose size we eventually integrate over. [4] They are not the position
and momentum of the particle under consideration. It is important to note
that x and p are not operators but ordinary commuting variables.
Fortunately Moyal’s work has not been neglected by the mathematicians.
They have shown that Moyal’s results emerge from a deformed Poisson algebra with Planck’s constant being used as the deformation parameter. This
algebra reproduces all the expectation values of quantum mechanics exactly
from a distribution function ρ(x, p, t). This algebra has the added advantage
that it contains classical mechanics in the limit of an expansion in terms of
~ to O(~).
There is of course another phase space approach and that is one that I
have explored with David Bohm. This goes under the name de Broglie-Bohm
although I prefer to call it the Bohm approach because it differs in some
significant ways from the way de Broglie originally envisioned. Recently I
was surprised to discover [3] that the defining set of equations for the Bohm
interpretation are already contained in the appendices of Moyal’s original
paper [2]. It turns out that in the x-representation, the momentum variable
p used in Bohm’s model is just the marginal momentum p in the Moyal
approach. One of the task’s of this paper is to bring out these connections
and to show that at the heart of the phase space approach is the dynamics
that depends on two equations, the Liouville equation and a new equation
describing the time evolution of the phase. It is this equation that becomes
the classical Hamilton-Jacobi equation in the expansion of the deformation
algebra to O(~).
The second point I want to bring out is that if we exploit the Heisenberg matrix mechanics so that we have a completely algebraic description
of quantum phenomena, we get exactly the operator analogues of the two
equation mentioned in the last paragraph. The significance of this result
is that we now have a purely algebraic description of the phase space and
furthermore this description is non-commutative.
In this algebraic approach we are thus faced with a non-commutative
structure. To understand the significance of this for geometry we must
2

recall the work of Gel’fand [7]. He showed that if one has a commutative
algebra of functions then we can either start with an underlying continuous
manifold with an a priori topological and metric structure and then derive
the algebra governing the field equations. This is the usual approach adopted
in physics. Or one can start with the algebra and deduce the properties of
the underlying manifold. Provided the algebra is commutative there is a
dual relation between the field algebra and its underlying spatial support.
In quantum mechanics what we do have is a field algebra defined in
terms of the operators. Notice further that all the symmetries of the system
are carried by the operators. What we do not have is the properties of the
manifold, i.e. the phase space that can carry this algebraic structure. Can
we obtain the properties of this manifold from the algebra? This is where we
hit a snag. If we have a non-commutative structure then there is no single,
unique underlying manifold. However one can find shadow manifolds [7].
You can construct these shadow manifolds by projecting the algebra into
a sub-space. Doing this is equivalent to projecting into a representation of
Hilbert space. What we will show is that the Bohm approach picks out one
of these shadow manifolds by choosing the x-representation. This particular choice was a historical contingency, Bohm could have chosen another
representation.
What one also finds is that the algebraic time dependent equations do not
contain the quantum potential explicitly. Recall it is this strange potential
that carries the non-local implications for entangled particles. However the
potential re-appears when we project onto the shadow manifold. Thus it is
not an intrinsic property of the quantum system but only arises from the
projection. In this sense it shares a property with the gravitational potential
which arises when the geodesics of curved space-time are projected into a
flat space-time. The big difference is that gravitation is universal whereas
each quantum potential only applies to its own group of entangled particles.
Particles not involved in this entanglement do not see the quantum potential
of this particular group.
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The Moyal approach

Rather than using Moyal’s starting point, let us follow Takasabsi [8] and
introduce a two-point quantum density operator ρ(x1 , x2 , t) defined by
Z
i
1
∗
ρ(x1 , x2 , t) = ψ(x1 , t)ψ (x2 , t) =
φ(p1 , t)φ∗ (p2 , t)e− ~ (x2 p2 −x1 p1 ) dx1 dx2 (1)
2π

3

Then let us change co-ordinates, introducing X = (x2 + x1 )/2; θ = x2 − x1
and P = (p2 + p1 )/2; τ = p2 − p1 . Substituting we find
Z
iXτ
iP θ
1
φ∗ (P − ~τ /2)e ~ φ(P + ~τ /2)e ~ dP dτ
(2)
ρ(X, θ, t) =
2π
which we can write in the form
Z
ρ(X, θ, t) =

f (X, P, t)e

iP θ
~

dP

(3)

Thus we see that f (X, P, t), which is conventionally treated as a quasiclassical distribution function in the Moyal approach, is actually the Fourier
transform of the quantum density matrix. Notice further that the variables
X and P are the mean values of a cell in phase space, not the co-ordinates
of the single particle we are considering.
Now to link up with quantum mechanics we replace Â(X̂, P̂ ) by A(X, P )
so that mean values can be found from
Z
hÂi = A(X, P )f (X, P, t)dXdP
(4)
Here we have written
Z
iP θ
1
A(X, P ) =
ψ ∗ (X − ~θ/2)Â(X̂, P̂ )e ~ ψ(X + ~θ/2, t)dθ
2
(2π)

(5)

It should be stressed that no approximations have been made in this
derivation and consequently we get exactly the expectation values calculated
from the standard formalism. However the expression (4) looks like the
classical method to derive expectation values if we assume f (X, P, t) is a
distribution function. But notice it merely looks as if we have a classical
theory but it is not a classical theory because f (X, P, t) is the density matrix
so it is not surprising to find it takes negative values [9]. Nevertheless we get
the correct expectation values, thus the approach is not an approximation
to the quantum formalism, it is exact.
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Relation to the Bohm approach

In Appendix 1 of Moyal’s original paper [2], a marginal expectation value
for the momentum is defined by
Z
ρ(X)p = P f (X, P, t)dP
(6)
4

which for a wave function that can be written as ψ(X) = ρ1/2 (X)e
gives
p(X) =

∂S
∂X

iS(X)
~

(7)

This is just the expression that Bohm uses for his momentum. But there is
more.
In Appendix 4, Moyal considers the transport equation for the probability density ρ and the momentum p. These are found from the time
development equation for f (X, P, t) which is derived by Moyal in the form
"
←
− −
→
→ !#
←
− −
∂ ∂
∂f (X, P, t)
2
~
∂ ∂
f (X, P, t)
(8)
= H(X, P )
sin
−
∂t
~
2 ∂X ∂P
∂P ∂X
where the arrows indicate the function which must be differentiated. Let us
now consider a particle in three-space and choose the Hamiltonian H(X, P) =
1
2
2m P + V (X, t). Integrating equation (8) over p we find


∂ρ X ∂
ρ ∂S
+
=0
(9)
∂t
∂Xi m ∂Xi
i

which is just the conservation of probability equation used in the Bohm
model.
Let us now work out the transport equation for p. This is obtained by
multiplying equation (8) by Pk and integrating over Pk to give
!
X ∂
∂
∂H
∂H
(ρP ) +
ρpk
+ρ
=0
(10)
∂t
∂Xi
∂Xi
∂Xk
i

If we now substitute from equation (7) and use
 2
~2 ∂ 2 ρ
P2 − P = −
4 ∂X 2

(11)

we find
∂
∂Xk

"

∂S
~2 X ∂ 2 ρ
+H −
∂t
8mρ
∂Xi2

#
=0

(12)

i

If we write ρ = R2 , equation (12) is equivalent to
∂S
1
~2 2
+
(∇S)2 + V −
∇ R/R = 0
∂t
2m
2m
5

(13)

which is just the quantum Hamilton-Jacobi used as a basis for the Bohm
approach [?],[10]. Using ρ = R2 in equation (11) gives
 2

~2 ∂
∂ R
/R
(14)
Pi Pk − Pi Pk =
2 ∂Xk2 ∂Xi2
2

∂ R
Thus we see that the quantum potential Q = ∂X
2 /R arises from the disperi
sion of the momentum when we use the position representation.
All of this gives a different insight into the the Bohm model showing that
it is an intrinsic part of the quantum formalism even when we approach the
formalism from the Moyal point of view.
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The star-product and its properties

The algebra behind the Moyal structure is known as the Poisson deformation
algebra (See Chari and Pressley [11]), an algebra based on new star-product
defined by
"
←
− −
→
←
− −
→ !#
i~
∂ ∂
∂ ∂
A(x, p) ? B(x, p) := A(x, p) exp
−
B(x, p) (15)
2 ∂X ∂P
∂P ∂X
This Moyal product is non-commutative and we can from two brackets
that play a key role in the Wigner-Moyal approach. The first is the antisymmetric Moyal bracket defined by
{A(x, p), B(x, p)}M B =

A?B−B?A
i~

(16)

and the other is the symmetric Baker bracket [12]
{A(x, p), B(x, p)}BB =

A?B+B?A
2

(17)

These brackets are the analogues of the commutator and the anti-commutator,
better known in mathematical circles as the Jordon product. We can write
these brackets as
"
←
−−
→
←
−−
→ !#
2
~ ∂ ∂
∂ ∂
{A, B}M B = A(x, p)
sin
−
B(x, p)
(18)
~
2 ∂x ∂p ∂p ∂x
and
"

{A, B}BB

~
= A(x, p) cos
2

←
−−
→
←
−−
→ !#
∂ ∂
∂ ∂
−
B(x, p)
∂x ∂p ∂p ∂x
6

(19)

Expanding in powers of ~ to order ~2 we find


∂A ∂B ∂A ∂B
2
{A, B}M B = {A, B}P B + O(~ ) ≈
−
∂x ∂p
∂p ∂x

(20)

where the bracket on the RHS is the Poisson bracket. Similarly expanding
(17) we find
{A, B}BB = AB + O(~2 )

(21)

Thus we see that the Moyal approach has a very natural classical limit.
There is no need to appeal to decoherence to reach the classical limit. Processes with high values of action naturally behave classically.
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Time dependent equations in the Moyal approach

Let us now examine the time evolution from a different point of view from
that used by Moyal [2]. We take as our starting point the work of Fairlie
and Manogue [13] and write down the analogues to the Schrödinger equation
and its complex conjugate. These are


Z
ipθ
i
∂ψ(x + ~θ/2, t)
H ?f =
dθe− ~ ψ ∗ (x − ~θ/2, t)
(22)
2π
∂t
and
i
f ?H =
2π

Z

− iθp
~

dθe




∂ψ ∗ (x − ~θ/2, t)
ψ(x + ~θ/2, t)
∂t

(23)

If we take the difference between these last two equations we find
∂f
+ {f, H}M B = 0
∂t

(24)

which is just equation (8). In the limit of O~2 , this equation becomes the
usual classical Liouville equation
∂f
+ {f, H}P B = 0
∂t
where we find the Poisson bracket replaces the Moyal bracket.
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(25)

We can now explore the result of adding the two equations. We now
obtain the equation
{H, f }BB = H ? f + f ? H =


Z
i
∂ψ(x + ~θ/2, t)
− iηp
∗
~
dθe
ψ (x − ~θ/2, t)
2π
∂t


Z
∗
iθp
∂ψ (x − ~θ/2, t)
i
−
dθe− ~ −
ψ(x + ~θ/2, t)
2π
∂t

(26)

If we try to simplify by writing ψ = ReiS/~ we find the RHS of (26) can be
written as


∂ψ ∗
∗ ∂ψ
ψ
−
ψ
∂t
∂t


∂R(x + ~θ/2)
1
∂R(x − ~θ/2) ∗
1
−
ψ ψ
=
R(x + ~θ/2)
∂t
R(x − ~θ/2)
∂t


i
1
∂S(x + ~θ/2)
1
∂S(x − ~θ/2) ∗
+
−
ψ ψ (27)
~ S(x + ~θ/2)
∂t
S(x − ~θ/2)
∂t
This still looks a very messy result but if we go to the limit O(~2 ), we find


∂S
∂ψ ∗
∗ ∂ψ
ψ
−
ψ → − f + O(~2 ) = 0
(28)
∂t
∂t
∂t
and since the Baker bracket becomes the product, we have
∂S
+H =0
∂t

(29)

which is just the classical Hamilton-Jacobi equation. Thus we see that the
Poisson deformation algebra contains both the classical Liouville equation
and the classical Hamilton-Jacobi equations as classical limiting equations
of the Schrödinger equation and its dual.
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The operator formalism

If we examine the quantum Hamilton-Jacobi equation (8) which forms one
of the defining equations of the Bohm approach we see that we obtain the
classical limit by putting the quantum potential to zero. This suggests that
there must be some relation between this equation and equation (26). To
bring this connection out further let us recall that it is the operator equations
8

that have a similar form to the classical equations. For example, Hamilton’s
equations of motion can be written in the form
ẋ = {x, H}P B

ṗ = {p, H}P B

(30)

while the corresponding equation of motion in the Heisenberg picture are
expressed in terms of the commutator, viz
˙
i~X̂ = [X̂, Ĥ]

˙
i~P̂ = [P̂ , Ĥ]

(31)

so it is necessary to look for operator equations which are of the same form
as equations (24) and (28). These equations will be expressed in terms of the
commutator and the anti-commutator. In fact these equations have been
found in Brown and Hiley[14], and Hiley[3]. These equations are
i~

i
∂ ρ̂ h
+ ρ̂, Ĥ = 0
∂t
−

ρ̂

i
∂ Ŝ 1 h
+
ρ̂, Ĥ = 0
∂t
2
+

(32)

Here ρ̂ is the density operator and Ŝ is the phase operator. To obtain these
equations the wave function have been replaced by an element of the left
(right) ideal so that the wave function is replaced by a ‘wave operator’1 .
The first equation in (32) is just the quantum Liouville equation giving
rise to the conservation of probability equation. The second equation is the
operator form of the equation involving the Baker bracket (17). It should be
noticed that this equation should be the operator analogue of of the quantum
Hamilton-Jacobi equation (13) but notice there is no explicit expression for
the quantum potential. The quantum arises when we project the equation
into a sub-space.
Suppose we chose the projection operator Px = |xihx| then the first
equation, the quantum Liouville equation, becomes


∂P
∇S
+∇ P
=0
(33)
∂t
m
which is just the conservation of probability equation (9). The second equation becomes
∂S
1
~2
+
(∇S)2 + V −
∇2 R
∂t
2m
2mR

(34)

This is just the quantum Hamilton-Jacobi equation (13) where the quantum
potential appears explicitly.
1

This wave operator is expressed in terms of a polar decomposition[3]
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In section 3 we showed that these equations were obtained from a marginal
distribution found by averaging over the momentum P . In the operator approach they are obtained by projecting into the x-representation. We could
equally have taken the marginal distribution by integrating over the position X. It can be shown that this is equivalent to a projection into the
p-representation. In this case we get a corresponding formalism in p-space
including a quantum Hamilton-Jacobi equation with a corresponding quantum potential. Thus we have complete x − p symmetry in the Bohm model,
removing one of Heisenberg’s original objections[15] to the model, namely,
the apparent lack of this symmetry in Bohm’s original approach[10].
Thus we have a complete correspondence between the equations of motion derived from the Poisson deformation algebra and those obtained from
the operator algebra. Furthermore we see that there is an additional equation to the Liouville equation which appears to have received scant attention
[13]
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Conclusion

In this paper we have brought out some of the deeper connections between
the Wigner-Moyal approach, the Bohm approach and the Heisenberg-type
algebra of operators. These approaches are, in fact, different aspects of the
same mathematical structure, each emphasising a different features of this
structure.
The Moyal algebra (Poisson deformation algebra) constructs a X − P
phase space where X and P are mean co-ordinates of a pair of points in
classical phase space. In this sense it is essentially a bilocal model. This
fits comfortably with the notion of quantum cells or ‘quantum blobs’ in
phase space suggested by several authors including de Gosson [4]. The
Bohm model appears in the Moyal algebra as a result of forming a marginal
distribution which produces a mean momentum, p, which can be identified
with the Bohm momentum. This marginal distribution produces what looks
like a classical phase space provided it is supplemented with the quantum
potential.
We also show how a purely algebraic approach, exploiting the algebra
of operators, produces dynamical equations of motion in terms of operators
which have the same form as those produced in the Moyal algebra. In this
operator algebra approach, the Bohm model arises from a projection into an
algebraic sub-space, which seem to be playing a role similar to the marginal
distributions in the Moyal theory.
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Finally I want to suggest that we can perhaps make more sense of all
this if we adopt what I call the Gel‘fand approach. Here rather than starting
with an a priori given phase space manifold, we use the algebra of operators to abstract the underlying manifold. This works beautifully when the
algebra is commutative but not when in is non-commutative. In this case
there is no unique underlying manifold, but we are forced to introduce the
concept of “shadow manifolds”. This seems to be exactly what is happening
when we project the algebraic form of the dynamical equations into a subalgebra, the choice of the projection determining which shadow manifold is
being chosen. All this supports the notion that the geometry underlying
quantum mechanics is a non-commutative geometry [16]. It fits neatly into
the philosophical framework of the implicate/explicate order introduced by
Bohm [17].
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