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W HAT ARE ABSTRACTION PRINCIPLES ?
The notion of a “classifier” is known from descriptive set theory:
D EFINITION
If R is an equivalence relation over a set X, a classifier for R is a
function f : X → Y such that f (x) = f (y) ⇐⇒ R(x, y).
An abstraction operator is a classifier f for the specific case in
which X = P(Y), i.e., an assignment of first-order objects to
“predicates” (subsets of the first-order domain), which is
governed by the given equivalence relation.
Abstraction operators are particular functional terms that take
predicates (“concepts,” in Frege’s sense) as input. The statement
that an operator f assigns objects to concepts according to an
equivalence R is called an abstraction principle:
f (X) = f (Y) ⇐⇒ R(X, Y).

A LDO A NTONELLI , UC D AVIS

T HE A BSTRACTION M YSTIQUE

D ATE : AUGUST 2011

S LIDE : 3/26

T HE ABSTRACTION MYSTIQUE
Philosophers often view abstraction principles as the preferred
vehicle for the delivery of a special kind of objects — abstract
entities — whose somewhat mysterious nature includes such
properties as non-spatio-temporal existence and causal
inefficacy.
One particular abstraction principle, known as Hume’s Principle
(HP) plays a crucial role in the neo-Fregean program initiated
by Crispin Wright and Bob Hale.
HP assigns objects to concepts on the basis of the equinumerosity
relation ≈ between concepts:
N(X) = N(Y) ⇐⇒ X ≈ Y,
where the object N(X) assigned to X is interpreted as “the
number of X,” and HP is variously advertised as being logically
true, analytic, or constitutive of the notion of number.
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N OT ALL ABSTRACTION PRINCIPLES ARE CREATED EQUAL
Some abstraction principles can be inconsistent. The first such
example is “Basic Law V” from Frege’s Grundgesetze, which
assigns objects to concepts based on the equiextensionality
relation:
Ext(X) = Ext(Y) ⇐⇒ ∀z(z ∈ X ↔ z ∈ Y).
The operator Ext is then an injection of concepts into objects. If
the domain of the concepts is identified with the true power-set
of the first-order domain, this contradicts Cantor’s theorem.
In principle, consistency can be restored either by making the
operator partial or the equivalence coarser (or both).
Inconsistent abstraction principles give rise to the Demarcation
problem: the problem of identifying necessary and sufficient
conditions for separating the “bad” abstraction principles from
the “good” ones.
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F ORMAL PRELIMINARIES
We fix throughout a non-empty first-order domain D1 and a
second-order domain D2 ⊆ P(D1 ).
We assume that D2 always contains the first-order definable
subsets of D1 (in some given background language L ).
The interpretation (D1 , D2 ) is standard if D2 = P(D1 ).
D EFINITION
An abstraction operator is a functional assignment fR : D2 → D1
satisfying an abstraction principle AbR of the form
AbR

fR (X) = fR (Y) ⇐⇒ R(X, Y),

where R is an equivalence relation over D2 .
D EFINITION
An abstraction operator f is choice-like if f (X) ∈ X whenever X is
non-empty.
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E LEMENTARY CONSEQUENCES
T HEOREM (C ANTOR )
If (D1 , D2 ) is standard, then no abstraction operator is injective.
P ROPOSITION
There is no choice-like injective abstraction operator.
P ROOF .
Obvious if D2 is standard. Even if D2 is non-standard, |D1 | > 1
(in fact infinite), and the result follows
from the fact that there

is no injective choice function on {a}, {b}, {a, b} .
C OROLLARY
Hilbert’s ε-calculus cannot be consistently augmented by adding
the axiom εxϕ(x) = εxψ(x) → ∀x(ϕ(x) ↔ ψ(x)).
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T HE C ONSISTENCY OF A BSTRACTION
D EFINITION
Given equivalences R and S, define R 4 S (R is finer than S, S is
coarser than R), if and only if R(x, y) implies S(x, y).
T HEOREM
If R and S are equivalences over D2 and R 4 S, then if AbR is
satisfiable over (D1 , D2 ), so is AbS .
P ROOF .
Assume fR satisfies AbR and let fR [X]S be the point-wise image of
[X]S under fR . Let g be a choice function for the set
{fR [X]S : X ∈ D2 }, and define fS (X) = g(fR [X]S ). Then fS satisfies
AbS .
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T HE C ONSISTENCY OF A BSTRACTION , CONT ’ D
T HEOREM
For every equivalence R, AbR is satisfiable.
P ROOF .
There is a (perforce non-standard) domain (D1 , D2 ) over which
Ab= (i.e., Frege’s “Basic Law V”) is satisfiable (see Parsons,
Heck, Wehmeier, etc.). The relation = is, of course, the finest
equivalence relation over D2 .
R EMARK
In Grundgesetze Frege went to great length to derive Hume’s
Principle from Basic Law V. The semantic proof just given shows
that not just HP, but every abstraction principle is reducible to
BLV.
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T HE N UISANCE P RINCIPLE
D EFINITION
A permutation π is a one-to-one function from D1 onto itself; π
can be “lifted” to subsets of D1 : π[X] = {π(x) : x ∈ X}.
The domain D2 is p-closed if X ∈ D2 implies π[X] ∈ D2 .
D EFINITION
A permutation π is finitely based if π(x) = x for all but finitely
many x ∈ D1 .
For subsets X and Y of D1 , the equivalence X ∼ Y holds if and
only if π[X] = Y for some finitely based π.
D EFINITION
The Nuisance Principle, NP, governs the assignment of objects to
concepts according to ∼:
Ab∼
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G ENERALIZING B OOLOS ’ THEOREM
T HEOREM
If |D1 | ≥ ℵ0 then NP is satisfiable in (D1 , D2 ) if and only if
|D2 | ≤ |D1 |.
P ROOF .
If |D1 | = κ ≥ ℵ0 , for each X ∈ D2 , the cardinality of [X]∼ is
bounded by κ, i.e., the number of finite sets of pairs in some
finitely based π that are of the form hx, yi with x 6= y.
In one direction, using ν, the equivalence classes themselves can
be indexed by a set of size κ, i.e., D1 , so that |D2 | ≤ κ2 = κ.
Conversely, if f : D2 → D1 is an injection, let ν be a choice
function for
{f [X]∼ : X ∈ D2 },
where f [X]∼ is the pointwise image of [X]∼ under f . Then ν
satisfies NP.
A LDO A NTONELLI , UC D AVIS

T HE A BSTRACTION M YSTIQUE

D ATE : AUGUST 2011

S LIDE : 11/26

C ARDINAL G AMES
C OROLLARY 1 (B OOLOS )
If D2 standard, then NP is satisfiable in a domain (D1 , D2 ) only if
D1 is finite.
C OROLLARY 2
Let (D1 , D2 ) be a domain where |D1 | = ℵ1 and D2 = P(C),
where C ⊆ D1 has size ℵ0 . Then the following are equivalent:
1

NP is satisfiable in (D1 , D2 );

2

CH is true.

R EMARK
Note the role played by ν in both proofs as an indexing device.
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L OGICAL I NVARIANCE
Invariance under permutation was first identified by Tarski as a
criterion demarcating logical notions, on the idea that such
notions are independent of the subject matter.
If π is a permutation of D1 , it can be lifted to properties and
relations:
π[R] = {hπ(x1 ), . . . , π(xn )i : R(x1 , . . . xn )}.
A predicate R is invariant iff π[R] = R.
The following are all invariant:
One-place predicates: ∅, D;
Two place predicates: ∅, D2 , =, 6=;
Predicates definable (in FOL, infinitary logic, etc.) from
invariant predicates.
Conversely, invariant notions are all definable in a possibly
higher-order or infinitary language (McGee).
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I NVARIANCE FURTHER UP THE TYPES
In the modern generalized conception, a quantifier Q is a
collection of subsets of the first-order domain, for instance:
∃ = {X ∈ D2 : X 6= ∅};
Q1 = {X ∈ D2 : |X| ≥ ℵ1 }.
A quantifier Q is invariant under permutations iff for every π:
X ∈ Q ⇐⇒ π[X] ∈ Q.
∃, ∀, as well cardinality quantifiers such as “there are exactly k,”
“there are infinitely many,” and so on, are all invariant in this
sense.
Although it is not clear whether permutation invariance is a
sufficient demarcating criterion for logical notions (it appears to
be too liberal), it is generally agreed that it provides a necessary
condition.
A LDO A NTONELLI , UC D AVIS

T HE A BSTRACTION M YSTIQUE

D ATE : AUGUST 2011

S LIDE : 14/26

L OGICAL I NVARIANCE OF ABSTRACTION
In spite of the accompanying mystique, logical invariance has
only been applied to abstraction in a limited way.
Kit Fine uses invariance to constrain the equivalences
mentioned in abstraction principles to be coarse enough to
ensure satisfiability of the principle in which they occur.
There are, prima facie, three different way in which invariance
can be brought to bear on abstraction:
Invariance of the equivalence relation R;
Invariance of the operator fR ;
Invariance of the abstraction principle.
We take up each one of them in turn.
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T HE INVARIANCE OF R
D EFINITION
Let R be an equivalence relation on D2 , and assume D2 is p-closed.
R is internally invariant if, for any permutation π, R(X, Y) if and
only if R(π[X], π[Y]).
R is doubly invariant if, for any pair π1 and π2 of permutations,
R(X, Y) if and only if R(π1 [X], π2 [Y]).
R is (simply) invariant if and only if R(X, π[X]) holds for any
permutation π.
P ROPOSITION
Let R be an equivalence relation on D2 , which is p-closed.
If R is simply invariant then it is internally invariant.
R is doubly invariant if and only if it is simply invariant.
Simple invariance is the strongest notion of invariance for R, and a
very plausible necessary condition on AbR . The equinumerosity
relation ≈ is simply invariant.
A LDO A NTONELLI , UC D AVIS

T HE A BSTRACTION M YSTIQUE

D ATE : AUGUST 2011

S LIDE : 16/26

T HE INVARIANCE OF fR
D EFINITION
Let fR be an abstraction operator. Then:
For any permutation π of D1 , the function fRπ , is the
set-theoretic image of fR under π:
fRπ = {hπ[X], π(x)i : hX, xi ∈ fR }.
fR is objectually invariant if fR is invariant as a set-theoretic
entity: i.e., if and only if fRπ = fR for any π.
P ROPOSITION
No function f≈ satisfying HP is objectually invariant (on any
p-closed domain).
R EMARK
Objectual invariance is the notion that speaks to the character of
abstraction as a logical operation.
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S IMPLE I NVARIANCE AND O BJECTUAL I NVARIANCE
T HEOREM
Let fR be an abstraction operator and suppose D2 is p-closed,
|D1 | > 1, and R is simply invariant. Then fR is not objectually
invariant.
P ROOF .
Let X ∈ D2 where fR (X) = a. Since |D1 | > 1, pick any b 6= a and let
π be a permutation such that π(a) = b. Since R is simply invariant,
R(X, π[X]), so that fR (X) = fR (π[X]) = a. Therefore
hπ[X], ai ∈ fR ,
whence hπ[X], π(a)i ∈
/ fR (because fR is a function), so that fR 6= fRπ
and fR is not objectually invariant.
R EMARK
Objectual invariance is quite rare and mostly incompatible with
simple invariance.
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T HE I NVARIANCE OF AbR
D EFINITION
An abstraction principle AbR is contextually invariant if and only if,
for any function fR : D2 → D1 and permutation π, fRπ satisfies AbR
whenever fR does.
R EMARK
If every fR satisfying AbR is objectually invariant, then AbR is
contextually invariant.
P ROPOSITION
If R is internally invariant (and D2 is p-closed) then AbR is
contextually invariant.
C OROLLARY
Both HP and NP are contextually invariant (over p-closed domains).
P ROOF .
Both ≈ and ∼ are internally invariant.
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A N INSTRUMENTALIST VIEW OF ABSTRACTION
In spite of the surrounding mystique, abstraction operators
are nothing more than assignments of “representatives” in
D1 to equivalence classes over D2 .
These are not representatives in the usual sense, because
they are not themselves members of the corresponding
equivalence classes.
As a result, a crucial aspect of their function is their
indexing role, which allows us to “count” equivalence
classes by elements of D1 .
Thus, abstraction principles enforce a correlation between
the size of D1 and that of D2 .
The more fine-grained the relation R, the greater the
inflationary thrust exerted by AbR on the size of D1 (as in
the case of HP), and the deflationary thrust on the size of
D2 (as in the case of NP).
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A BSTRACTION AND LOGICAL INVARIANCE
If we accept the instrumentalist view of abstraction, then it comes
as no surprise that abstraction principles mostly fail to meet the
test of logical invariance.
We have three competing notions of invariance for abstraction
principles:
1
2
3

Simple invariance of R;
Objectual invariance of fR ;
Contextual invariance of AbR .

Simple invariance is a necessary condition for abstraction
principles, providing an answer to the “proliferation problem” of
ruling out spurious principles, but by itself it is simply not germane
to the issue of abstraction as a logical operation.
Objectual invariance does speak to the issue of the nature of
abstraction, but is mostly incompatible with simple invariance.
Contextual invariance turns out to be too weak a notion, weaker
than the internal invariance of R.
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T HREE KINDS OF DEMARCATION PROBLEMS
Proponents of abstraction principles as vehicles for the delivery
of abstract entities have historically faced three sorts of
objections:
The Bad Company Objection. While some principles such as
HP are essential for the development of arithmetic, it’s not clear
by which criterion they can be demarcated from their
inconsistent brethren.
The Embarrassment of Riches Objection. Even if we rule out
inconsistent principles by fiat, we still have consistent but
incompatible principles, such as HP and NP.
The Caesar Problem. Abstraction principles do not fix the
identity conditions of the objects delivered as values of the
abstraction operator except relatively to objects that are
themselves abstracta.
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T HE B AD C OMPANY O BJECTION
The attention given to the Bad Company Objection results from the
failure to pay due attention to the possibility of non-standard
models for abstraction principles. This possibility corresponds with
the first option for restoring consistency to BLV, i.e., making the
assignment partial.
Investigations into consistent fragments of Grundgesetze (e.g.,
∆11 -CA) can be viewed as concerning special kinds of non-standard
models (satisfying certain closure conditions).
When non-standard models enter the picture, we can see that all
abstraction are satisfiable, since they are all coarsenings of Ab= , i.e.,
Frege’s Basic Law V. We turn the quest for consistency on its head:
instead of looking for consistent abstraction principles, we consider
what constraints they impose on the models that satisfy them.
Inconsistencies derive from abstraction principles only in
conjunction with particular instances of second order
comprehension (and neither one is inconsistent by itself). For
instance, closure of conceptual space under (impredicative)
definability, is incompatible with Ab= .
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A N E MBARRASSMENT OF R ICHES
Even when the Bad Company Objection is discarded, a problem
arises because of individually consistent but mutually
incompatible abstraction principles. The main example is given
by HP and NP.
There is a delicate balance between the sizes of the first- and
second-order domain when they are tied together by an
abstraction principle. In some cases the balance tilts towards
the inflationary thrust on the first-order domain and sometimes
towards the deflationary pressure on the second-order domain.
Different principles can tilt different ways and thus be
incompatible.
But this is just a mathematical fact, not a problem — as it can be
easily seen once Abstraction Principles are correctly regarded as
extra-logical principles (witness their failure to be logically
invariant) introduced for very specific mathematical purposes.
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T HE C AESAR P ROBLEM
The introduction of natural numbers via HP gives rise to the
“Caesar Problem,” i.e., the fact that HP only gives us enough
information to settle the truth-value of identities in which both
terms are abstracts, but says nothing about identities involving
an abstract and a term of a different kind:
The number of the planets = Julius Caesar
This account of the natural numbers would then seem to be
incomplete, and similar worries arise for the other abstraction
principles.
In fact, nothing prevents the number of the planets from being
identical to Julius Caesar. Indeed they will be equal in some
models and distinct in other ones. Nothing much is to be made
of this fact, for HP is silent about it.
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D EFLATING THE ABSTRACTION MYSTIQUE
According to the present view, abstraction principles are
extra-logical tools devised to accomplish two distinct, but
specifically mathematical, tasks:
1
2

The selection of first-order representatives for second-order
equivalence classes.
The imposition of cardinality constraints on the relative sizes
of the first-order and the second-order domain.

The status of abstraction principles as extra-logical tools is
consistent with the failure of their logical invariance. Similarly,
any worries about the ontological status of the special objects
they deliver (i.e., abstracta) disappear, as anything — anything at
all — can play the role of these abstracta, as long as the choice
respects the equivalence relation.
Numbers, as abstracta delivered by HP, are no longer regarded as
logical objects on this view. “Number” is not a logical notion
(although cardinality might well be).
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